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Expression of the time-averaged equations for the conservation of momentum and
energy in terms of the fractions of the local shear stress and heat flux density, respec-
tively, due to turbulence is shown to result in greatly simplified representations for fully
developed flow and convection in round tubes and parallel-plate channels as compared
to those in terms of the eddy viscosity, eddy conductivity, or mixing length. On the other
hand, the turbulent Prandtl number is shown to be a fundamental characteristic of flow
and convection rather than simply an artifact of the eddy diffusional model. The new
simplified representations provide the basis for improved predictions of the velocity dis-
tribution, the friction factor, the temperature distribution, and the Nusselt number. The
adaption of these new representations for other geometries and for developing convec-

tion is discussed briefly.

Introduction

This article is primarily concerned with models, descrip-
tions, and formal solutions for flow and forced convection in
the fully turbulent regime in a round tube and between iden-
tical parallel plates. New, simplified formulations are pro-
posed for the more accurate and expeditious predictions of
the velocity distribution, the temperature distribution, the
friction factor, and the Nusselt number. These formulations
are based directly on the time-averaged equations for the
conservation of momentum and energy and do not depend
on any mechanistic postulates or empiricism. Their imple-
mentation for numerical calculations does necessarily invoke
some empiricism, but generally less than that required by
prior models and formulations.

Time averaging the equations of conservation generates
unknown quantities, such as wv and T'U. The history of
analysis in applied turbulent flow and convection consists pri-
marily of the postulation and utilization of differential mod-
els for these two unknown quantities, the most widely used
being the eddy-diffusivity model of Boussinesq (1877) and the
mixing-length model of Prandtl (1925). Although these two
models have been applied with reasonable success to make
predictions for turbulent flow and convection, they are viewed
with suspicion or distaste by most analysts for three primary
reasons. First, the mechanistic concepts upon which they are
based are demonstratably false; second the parameters they
introduce appear to have no physical basis; and third the
evaluation of these artificial parameters poses a demand for
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experimental data of greater accuracy and wider scope than
are available even today.

Patankar and Spalding (1967) proposed, as a means of alle-
viation of the second and the third of these shortcomings, the
prediction of the eddy viscosity or the mixing length from
equations of conservation for the kinetic energy of turbu-
lence x and the rate of dissipation of the energy of turbu-
lence €. This x-e model incorporates a significant degree of
empiricism and approximation, but was expected to have the
compensatory merit of great generality. Unfortunately the
predictions of the x-e¢ model and its many variants and modi-
fications have not proven to be as accurate or geometry-inde-
pendent as was originally anticipated.

Churchill and Chan (1995b) and Churchill (1996) cited a
fourth shortcoming of the eddy-viscosity and mixing-length
models for flow, namely their fundamental failure for many
conditions. The mixing length is shown to be unbounded at
the center line of a round tube and at the central plane be-
tween parallel plates, while both the mixing length and the
eddy viscosity are found to be unbounded at one location and
negative over an adjacent region in any channel in which the
shear stress is unequal on opposing walls. Such anomalous
behavior of the eddy viscosity and the mixing length occurs,
for example, in all annuli, in flow between parallel plates of
unequal roughness, and in combined forced and wall-induced
flows. The models are thus, strictly speaking, inapplicable in
all such asymmetrical flows. Moreover, since the x-e model
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necessarily functions by predicting the eddy viscosity or the
mixing length, it is also inapplicable for these same geome-
tries and conditions. Because the eddy-viscosity, the mixing-
length, and the «-e¢ models usually produce reasonable ap-
proximations for integral behavior (for example, for the fric-
tion factor and the Nusselt number) in spite of the local sin-
gularities, this particular shortcoming has seldom been men-
tioned or even recognized.

The x-e v’ model, which functions by predicting the tur-
bulent shear stress and the local velocity directly without ref-
erence to an eddy viscosity or a mixing length, remains appli-
cable for these asymmetric flows (for example, Hanjali¢ and
Launder, 1972a), but invokes considerable empiricism and
approximation, and yields accurate predictions only for the
turbulent core.

It was generally presumed in the past that turbulent shear
flows could not be simulated numerically because of the wide
range in scale and the chaotic nature of the turbulent fluctu-
ations in velocity. The presumably impossible task has, how-
ever, been accomplished in the recent decade by clever mod-
eling, the recognition that the shear stress produced by the
smallest fluctuations is negligible relative to the viscous stress,
and the availability of computers of ever-increasing capabil-
ity. The results of such direct numerical simulations (DNS),
which appear to be convergent and in good agreement with
experimental measurements (for example, Rutledge and
Sleicher, 1993; Lyons et al., 1991), are yet limited to two fully
developed flows, namely, between parallel plates and along a
flat plate, and in both instances to the very lowest range of
fully turbulent ‘motion. Also, the results of the DNS are in
the form of discrete numerical values and thereby provide no
direct functional insight. Because of these limitations and be-
cause of the truly great computational requirements, this
methodology is not yet and may never be of direct utility for
design or control. The results of these direct simulations are
nevertheless an invaluable resource for the construction and
critical testing of approximate models and correlating equa-
tions of more general scope.

The great power of dimensional and speculative analysis
has long been recognized, but this technique has seldom been
fully exploited for modeling turbulent flow and convection.
The combination of numerical values from the direct simula-
tions together with functional forms from extended asymp-
totic and speculative analyses provides the basis for a signifi-
cant improvement in models and correlating equations for
the turbulent regime. Such models and correlating equations
have recently been developed by Churchill and Chan (1994,
1995a,b) for flow in a round tube and between identical par-
allel plates. The initial objective of the current work was to
extend these models or to develop new models of this type
for energy and mass transfer. An unexpected development
was the discovery of an improved model for momentum
transfer as well. The new model for momentum transfer, just
as the earlier ones of Churchill and Chan, is free of any
heuristic variables such as the eddy viscosity. It was pre-
sumed that the corresponding heuristic variables for heat
transfer, such as the eddy conductivity and the turbulent
Prandtl number, could also be avoided in the new formula-
tions. The result proved to be a surprise.

In the interests of simplicity, invariant physical and ther-
mal properties are postulated throughout. A secondary flow,
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normal to the primary direction of flow, occurs in the turbu-
lent regime in all two-dimensional channels, including open
ones. To avoid that complication, consideration herein is lim-
ited to confined flow in one-dimensional channels and un-
confined flow along a semi-infinite flat plate.

Momentum transfer will be considered separately and first,
since the results serve as the starting point in all instances for
the development of models and solutions for convective ther-
mal transfer. Flow in a smooth round tube is examined first,
then convection in a uniformly heated tube, and finally the
possible extension of those results to other geometries and
conditions.

Momentum Transfer in a Round Tube
Earliest models

The simplest model for fully developed turbulent flow in a
smooth round tube is that of uniformity of the time-averaged
flow over the cross section. This model implies independence
of the friction factor from the Reynolds number, which is
actually not a bad approximation for some conditions and
applications.

The next simplest model, which may be derived by means
of elementary dimensional analysis, is

f = ¢{Re}. (1)

The power-series method of deriving Eq. 1 has often been
misinterpreted to imply that

f= ARe* 2)

Blasius (1913) appeared to give support for such a model by
fitting experimental data for a limited range of values of Re
reasonably well with the expression

f=0.0791/Re"*. 3)

C. Freeman suggests that had Blasius had access to the more
extensive experimental data of J. Freeman (1941) that were
obtained in 1892 but not published in the open literature un-
til half a century later, he would probably have developed
some other, better correlating equation and thereby changed
the history of fluid mechanics. It can be inferred from Eq. 3
that the corresponding velocity distribution is

(4)

Equation 4 fails to yield a finite gradient at the wall and
thereby a finite shear stress, and it also fails to yield a gradi-
ent of zero at the center line, implying related shortcomings
of Eq. 3 in both instances. Equations 3 and 4 have neverthe-
less been widely used for predictions of flow, reaction, heat
transfer, and mass transfer in round tubes.

Basic relationships and representations

Most of the mechanistic models for turbulent flow are
based on the time-averaged form of the partial differential
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equations for the conservation of mass and momentum. The
time-averaged expression for momentum transfer in the ra-
dial direction in fully developed flow in a round pipe may be
combined with an overall force balance to obtain

Cy du _
1——)=p.———pu’v’. 5)
‘ a dy

Ty

Barenblatt and Goldenfeld (1995) have recently questioned
the existence of a fully developed state in a round tube, but
for all practical purposes a close approach to one appears to
be attained in a relatively short distance from the entrance.
The existence of a fully developed state will be implied in all
that follows.

The price of the great simplification attained by time-aver-
aging is the appearance of unknown quantities such as pu'v’
in Eq. 5. Most of the generally accepted mechanistic models
for turbulent flow involve the postulate of an arbitrary differ-
ential expression for pu’v’. Before examining such models the
behavior of pu’v’ will be described. For this purpose Eq. 5
has generally been reexpressed in the following dimension-
less form:

+ +

y du —_—
—;::E:'f(u’vl) y (6)
where the quantity W0')* = — p'v' /7, is the ratio of the

local turbulent shear stress to the total shear stress at the
wall. Churchill and Chan (1995b) advocated and Churchill and
Chan (1994, 1995a) utilized this form to develop new correla-
tions. However, the modified form

(12 [ ] - 2

)]

where

N4 +
(W)“s-ﬂ=(ﬁ)+/(1—y~+) ®)
T a
is the fraction of the shear stress at any location due to tur-
bulence, appears to be somewhat more convenient in that the
known variation of the total shear stress with y*/a™ is fac-
tored out of the dependent variable ('v')*.

Since u™* is known to be a function of y* and a?, it fol-
lows from Eq. 7 that (/v)** is a function of the same two
independent dimensionless variables. The quantities u, W,
and 7, are directly measurable, but the precision and accu-
racy of the resulting values in the literature for du*/dy* and
(@' v))** or the equivalent are unsatisfactory to this day. That
is why the prediction of precise and presumably accurate val-
ues by direct numerical simulations, even for a limited range
of conditions, is of such great importance. The local shear
stress 7 is not easily measured, but, as implied by Eq. 8, its
value follows exactly from the value at the wall by virtue of

T=Tw(1—y—+). )]

Churchill and Chan (1995a) devised a very accurate and
general correlating equation for ('v’)* based on asymptotic
solutions, experimental data, and the aforementioned DNS
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values. Their expression may be rephrased in terms of

') as follows:
(a,—U,)++
0o7(2) ] !
110 -25) 25 4y 7\
= —y+— + (exp y+ - 'a—+ pE: s
=

(10)

where n= —8/7 for a™ > 500 and decreases in magnitude to
n=~1as a* —150. The characteristic quantity 1 —@ v))**
of Eq. 7, as calculated from Eq. 10 is seen in Figure 1 to fall
rapidly and monotonically from unity as y* exceeds 30 and
to approach 15/a* as y* —> a*, whereas («’v'), as shown in
Figure 3 of Chan and Churchill (1995a), arises from zero at
the wall to a maximum value less than unity and then de-
creases to zero at the centerline.
Equation 7 may be integrated formally to obtain

+_a+ 1 T7++ 2
ut=— Rz[l—(uu) | ar. an

Here, for simplicity R =1—(y*/a™) has been introduced as a

variable. Numerical integration of Eq. 11 using values of
W' v)** from Eq. 10 is presumed to produce more accurate
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Figure 1. Fraciion of the local shear stress due to vis-

cosity.

Simulated values, b* =180 (x Kim et al. (1987); + Rutledge
and Sleicher (1993)); experimental values, b* = 208 (o Eck-
elmann (1974)); predictions, Eq. 10 with n= —1(—-— b+
=180; - - » - - - , bt =208).
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Figure 2. Velocity distributions in a round tube at a*=
180, according to Eq. 12.

(———— laminar flow; - - - - turbulent flow).

values of u*{y*, a*} than the direct use of the correspond-
ing correlating equation of Churchill and Chan (1995a) for
u*, since Eq. 10 involves one less empirical coefficient, and
since integration is a smoothing process that usually reduces
the impact of any error in the integrand. Such an improve-
ment is of course at the expense of carrying out a numerical
integration in each instance.

Equation 11 may be integrated analytically in part to ob-
tain the following:

++

a* 2 a*t 1 2
w'= o (=R)=— [ @) R, (12)

which reveals that the velocity distribution is reduced at each
radius from that for fully developed laminar flow at the same
value of a* by virtue of the remaining integral term. This
behavior is illustrated in Figure 2, in which the region be-
tween the two curves represents the contribution of the tur-
bulence to the velocity distribution. Figure 2 differs from the
conventional comparisons of the laminar and turbulent veloc-
ity distributions in that the velocity distributions are plotted
for the same value of a™, that is, for the same value of the
pressure gradient, rather than for the same value of the
Reynolds number, that is, for the same rate of flow, as for
example, in figure 7-1 of Knudsen and Katz (1953).

An expression for the mixed-mean velocity, and hence for
the Fanning friction factor f=2/Au.)? may be obtained by
utilizing the expression for u* in terms of ('v')** and inte-
grating by parts. This result may be expressed as

u;:%fo‘[l—(ﬁ)”]dn‘ (13)
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or
+_a+ 1 4o t+ 4
uh=— 1—/0 Wv)  dr*|. (14)

The integration with respect to R* in both Eqgs. 13 and 14
indicates that the values of the integrand very near the wall
are most influential in determining u .. Equation 13, together
with Eq. 10, is perhaps the most accurate source of numerical
values of u,{a*} and hence of f{a*} in the literature.
Churchill and Chan (1994) used the equivalent of this formu-
lation to construct the following very accurate and very gen-
eral correlating equation for the friction factor

2\ V2 1612 [ 47.6\>
| =u;=1989-— +(—+—) +2.5In{a*}. (15)
f a a

On the other hand, Eq. 14 has the qualitative merit of reveal-
ing that u, in the turbulent regime is equal to that in the
laminar regime at the same value of a* less the integral term
therein. The number of significant figures in the numerical
coefficients of Eq. 15 and similar subsequent expressions can
be justified in terms of representation of the computed val-
ues, but not in practical terms because of the unknown accu-
racy of the model from which these values are obtained.

Advantages of /v")** over Wv')* as a correlating vari-
able are rather slight in the formulations for flow in a round
tube, which is why it was initially overlooked. However, the
corresponding formulations for heat and mass transfer and
for other geometries prove to be truly advantageous.

Mechanistic models

The Eddy-Viscosity Model.
model

Boussinesq (1877) suggested the

J— du

- pu¢u/—_—“1_5 (16)

where u, is an eddy viscosity, seemingly a purely artificial

quantity. Introduction of this expression for pu'v’ in Eq. 5
allows Eq. 6 to be reexpressed as

an

a*  dy*

yt o odu” ( Hy )
— 1
73
According to Eq. 16 u, may be determined from local mea-
surements of «'v’ and «, while according to Eq. 17 local mea-
surements of u are sufficient, although 7, must also be de-
termined. Elimination of du*/dy* between Egs. 7 and 17
leads to
_

roo1-@Y)
The one-to-one correspondence between u,/p and (/)"
as revealed by Eq. 18, has surprising and important implica-
tions. Equation 18 indicates that the eddy viscosity is inde-
pendent of the very diffusional mechanism in terms of which
it was originally conceived. This result is a fortuitous conse-
quence of the linearity of the differential momentum bal-
ance. Furthermore, up,/p may be interpreted as simply the
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ratio of the turbulent shear stress to the viscous shear stress.
The widespread criticism of the eddy viscosity because of its
lack of a mechanistic or theoretical basis is thus misdirected.
On the other hand, the possible merit of u,/u relative to
@'v)** as a correlating variable depends on whether or not
it is a simpler or better behaved function of y* and a*,
whether or not it provides greater physical insight and
whether or not it is more readily predictable from first princi-
ples. It fails in all of these respects. First, the generalized
correlating equation for u,/u devised by Churchill and Chan
(1995a) from the same elements as used to construct Eq. 10
is more complicated (as can be inferred from Eq. 18). Sec-
ond, the simple difference in the laminar and turbulent con-
tributions to #* and u, as demonstrated by Eqs. 12 and 14,
respectively, is not evident when Eq. 17 is integrated formally
to obtain these two quantities. Third, neither the x-e model
that has been proposed to predict u,/u nor the x-e-u'v" model
that has been proposed to predict «'v’ directly, has any utility
for round tubes. The empiricism of both of these models ex-
ceeds that involved in the construction of Eq. 10, the accu-
racy of their predictions is presumably less, and a significant
amount of numerical computation is required to solve the
additional partial differential equations.

Mixing-Length Model. Prandtl (1925) proposed, on the ba-
sis of a questionable analogy between the motion of turbu-
lent eddies and the motion of the molecules of a gas, that

=i g2 du ’
pu' v’ = pl . 19
dy

This expression may be combined with Eq. 5 to obtain, after
reexpression in dimensionless form,

y©odut o dut\? 20
Tat dy”* dy* |’
Elimination of du*/dy™ between Eqs. 7 and 20 yields
—_t
@)
(") = (¢4))

Dl T

Equation 21 reveals that the mixing length is also independ-
ent of the specious mechanism by means of which it was con-
ceived, again a fortuitous consequence of the linearity of the
differential momentum balance. The mixing-length model
therefore cannot be discredited on mechanistic grounds. The
mixing-length model has generally been accorded more re-
spect in the fluid mechanics community than the eddy-viscos-
ity model. However, it is actually inferior in every respect,
beginning with its more complicated relationship with
@'v")** and thereby with measurable quantities. The histori-
cal roots of its unjustified prestige are apparent from the fol-
lowing examination of its initial numerical evaluation.

One of the most fateful plots in the history of fluid me-
chanics is reproduced in Figure 3, in which values of /, as
determined by Nikuradse (1930) from measured values of
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Figure 3. Mixing lengths as determined by Nikuradse
(1930) in round tubes.

(a) Smooth tubes at large Reynolds numbers; (b) artificially
roughened tubes at large Reynolds numbers.

u{y}, are plotted as I/a vs. y/a. Prandtl [see Nikuradse (1932))
concluded from this plot that near the center line !/ is inde-
pendent of y, as he had expected, as well as of Re and a/e.
Furthermore, although his original concept of an invariant /
failed over the balance of the tube, he concluded that the
variation near the wall could at least be expressed simply by
the linear relationship

[=0.4y. 22)

Both of these inferences are wrong. At the center line, ! actu-
ally becomes unbounded and near the wall /* approaches
equality to (0.7)?(y*/10)¥2. These nuances were overlooked
by Prandtl because of the gross scale of the abscissa of Figure
3, the excessive spacing of the measurements of u{y}, and
their relative inaccuracy near the wall and near the center
line. Equation 22 does provide a fair representation for 30 <
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y* <a*/10, but this relationship is also apparent from plots
of @)t and K,/1, and should not be credited uniquely to
the mixing-length concept.

The mixing length is inferior to the eddy viscosity as a cor-
relating variable because of its singular behavior at the center
line as well as because of the greater complexity of Eqgs. 20
and 21 relative to Egs. 17 and 18. It is subject to the same
failures in other flows as the eddy viscosity. Accordingly the
mixing-length model is now of historical interest only.

Von Kérman (1930) proposed the expression

du/dy
d*u/dy?

’

(23)

for prediction of the mixing length, with k' implied to be the
same coefficient as that of Eq. 22. This expression predicts
the gross behavior displayed in Figure 3 reasonably well but
shares the shortcomings of Eq. 23 for very small y and the
inherent shortcoming of the mixing-length model itself at the
center line.

Recapitulation

In a round tube the eddy viscosity and the mixing length
are found to be independent of their mechanistic origin and
therefore acceptable as correlating variables. However, they
are both inferior in all respects to the dimensionless shear
stress (W'0)** itself. The k-e and k-e-u’v’ models are appli-
cable, but have no useful role in this geometry.

Equations 11 and 12 for «* and Egs. 13 and 14 for u}, in
terms of 'v")** are the distilled result of the proposed new
representation for momentum transfer. They are exact in the
sense of being free of empiricisms and heuristics other than
the postulate of the existence of fully developed flow. Of
course the numerical evaluation of the integrals in these
expressions introduces empiricism by virtue of the correlating
expression used for ('v')**.

Heat Transfer in a Round Tube

Because of the well-known close correspondence between
momentum transfer and heat transfer, as illustrated by the
many algebraic analogies that have been devised, the results
of the preceding analysis of the models for momentum trans-
fer might be expected to be adaptable with minimal modifica-
tions for heat transfer. This expectation is not fulfilled; the
models for convective heat transfer prove to be inherently
more complex.

The time-averaged partial differential equation for the
conservation of energy in the y-direction in fully developed
convection with negligible viscous dissipation in the fully de-
veloped turbulent flow in a round tube of a fluid with invari-
ant physical properties may be combined with an overall en-
ergy balance to obtain

=~k il TV (24)
=—k—+pc, TV,

J & pCp

Dedimensionalization by analogy to Eq. 6 results in
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—_—
+ Pr(T'V")

I @5)
Jw

while that corresponding to Eq. 7 yields the simpler result

—[1-(T'v =—.
Jw dy
Here T* = k(T, — TX7,p)"*/pj,, (T0)* = -k

(T, =T p/wj, and (T"0)** = pc,T'0' /j. Alternative def-
initions of 77 differing by a sign or by a factor of Pr have
also appeared in the literature. The choice here was made to
produce congruence insofar as possible with Eqs. 6 and 7.
The definition of (T"0))** was chosen in the interests of sim-
plicity. From its definition, (T"0)** may be noted to be the
fraction of the local heat flux density in the y-direction due
to turbulence and 1—(T"0/)** the fraction due to thermal
conduction.

In order to implement Eq. 26, correlative or predictive ex-
pressions are needed for j/j,, and (T"0')**. The former will
be considered first.

Heat-flux density ratio

Insofar as viscous dissipation and the axial transport of en-
ergy by thermal conduction and the turbulent fluctuations are
both negligible, the heat-flux density ratio may be expressed
in terms of the following integral energy balance:

iU | 9T/ax \ (u* -
jw‘Efo 0T, /ox ) \u? '

m

27

Axial transport of energy by molecular and turbulent diffu-
sion may become appreciable near the point of onset of heat-
ing for all rates of flow as Pr— 0, but viscous dissipation is
significant only for very high velocities and for very viscous
liquids at high rates of shear. As contrasted with the shear
stress ratio 7/7,, which is simply equal to R for fully devel-
oped flow, the heat-flux density ratio varies parametrically,
by virtue of (aT/9x)A 4T, /dx), with a*, Pr, the mode of
heating on the wall, and the extent of the thermal develop-
ment in the fluid stream. This parametric dependence of j/j,,
is the principal source of complexitiy of the models and solu-
tions for convection as compared to flow.

For the special case of a uniform heat-flux density on the
wall and complete thermal development, the only conditions
that are considered in detail herein, Eq. 27 reduces to

J 1 g2 u* 5

m

(28)

The heat-flux density ratio is seen to be a function only of
the velocity field and thus independent of Pr and the ther-
mal conditions. From Eq. 28 it is also evident that j/j, = 7/7,
only for plug flow, a condition that is never attained physi-
cally. An exact expression from which j/j,, may be evaluated
for any value of R and a* may be derived by introducing «*
from Eq. 11 and u;, from Eq. 28, and integrating by parts.
The result may be expressed as
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/M

1+y=M-=

R R?

/OR‘[1—(W)“] dR* +2R2fR12[1—(W)++] dR?

[l
29)

Rohsenow and Choi (1961) introduced the quantity M =
(j/j,)/Ar/7,) in connection with Eq. 27, but did not evaluate
or utilize it. Reichardt (1951) proposed the use of y =
((j/j,,)/R)—1 in derivations for heat transfer, and evaluated
it from the equivalent of Eq. 27 for a uniform wall tempera-
ture, for which it depends on Pr as well as on R and a™ or
Re,. Churchill and Balzhiser (1959) computed and presented
graphical representations for j/j,, and (j/, )R for a uniform
wall temperature for various values of Pr and Re, and de-
grees of thermal development as well as for uniform heating
for various values of Re,,. Heng et al. (1977) have computed
presumably more exact values of y for uniform heating by
using Eqs. 29 and 10. Their results may be represented with
sufficient accuracy for all practical purposes by the following
approximate expression in closed form:

y=

3 16
14Y(1+ =Y - =
2 7

60Y
Yz) “ G Yr ey

49+60In{a*}

(30)

The integration leading to Eq. 30 neglects the reduction of
the velocity in the boundary layer near the wall correspond-
ing to the first term on the righthand side of Eq. 10. The
quantity vy, as predicted by Egs. 29 and 30, ranges from zero
at the wall to up to 0.266 at the center line for ¢ * = 150 and
from zero up to 0.106 for a* =105,

A correlation for (T'V)*+*

A logical step at this point would be to examine experi-
mental data and/or DNS values for (T"0)**, and if possible
construct a generalized correlating equation analogous to Eq.
10 for (u’v")**. However, since the reliable experimental data
and computed values by DNS for T'v’ are essentially limited
to Pr=0.7 or 1.0, it proves to be advantageous to examine
first the models involving the eddy conductivity and the cor-
relations thereof.

The eddy-conductivity model
The analog of Eq. 16 for thermal transport is

TV=—k a7 3n
pcl v = t dy s

which may be combined with Eq. 25 to obtain, after dedi-
mensionalization,
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dT* k,
(1 ) (32)

J_a( k
Jw T k

Elimination of dT/dy* between Eqs. 26 and 32 results in

kK @D )
k 1—Tn

The one-to-one correspondence between k,/k and (T'v))**
indicates that the eddy conductivity is also independent of
the diffusional mechanism in terms of which it was originally
conceived. Furthermore, Eq. 33 indicates that k,/k may be
interpreted simply as the ratio of the heat-flux density due to
turbulence to that due to molecular conduction. Of course,
as might be expected, the correlations for k,/k are just as
limited as those for (T"0/)** since they are based on the
same information. In response to this diffuculty, Eq. 33 is
ordinarily expanded as

i dT™* c k
.i=—+ 1+("—#)( - )ﬁ (34)
Jw dy k J\e,m | n
and then rewritten as
j d4are Pr\ u,
= 1+ =] =1 35
Jw dy+[ (Prl g 35

where Pr,=c,u,/k, is called the mrbulent Pranddl number.
The task of developing a correlating equation for k,/k is thus
replaced by the task of developing separate ones for Pr, and
#,. The advantage of this widely used approach is that corre-
lating equations for u, are reasonably well established (for
example, the combination of Egs. 10 and 18 provides one),
while Pr, is found to vary only slightly from unity for most
conditions. Indeed, many early workers simply postulated a
value of unity for Pr,. Expressions for the prediction of Pr,
are examined in the succeeding section.

Elimination of dT*/dy™ between Egs. 26 and 35, followed
by elimination of u,/u by means of Eq. 18, leads to the
somewhat surprising result that

Pr, ( @' )(1—(@)++

r Vi aon

). @

Thus Pr,, just as u, and k,, is independent of its origin in a
diffusional mechanism and may be interpreted in general
physical terms as the ratio of the shear stress (or
momentum-flux density) due to turbulence to that due to vis-
cosity, divided by the corresponding ratio for the heat-flux
density. This establishment of a physical character for Pr,
suggests the following alternative to Eq. 26:

. + =t
J dr L+ Pr| W) (37)
oo T\ P —aoy ||
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The requirement of a correlative or predictive expression for
(T"v')** in Eq. 25 is thus replaced by the requirement of
one for Pr/Pr,. As indicated in connection with Eq. 35, this is
an improvement since an accurate correlating equation is
available for W v")**, and since the variance of Pr, is rela-
tively constrained for Pr > 0.7.

One further alternative representation is worthy of exami-

nation. It begins with the expansion of Eq. 32 as

j 4T k+k c +

i ) () ()] o
Jw dy Cp( 12 + ’L’) k M

* which may be rewritten as

j 4Tt (Pr\p
—=— |5 = (39)
Jw dy PrT

7

where Prr=c,(p+ p Ak +k,) is the total Prandtl number
and wr = u+ u, is the total viscosity. From Eqs. 18, 36, 37,
and 39 it follows that

e+

Pr 1-(T'v)

e (40)
Pr 1-@v)

In view of Eqs. 33 and 36, this demonstration of a physical
significance for Pr;, independent of its diffusional mechanis-
tic origin, is hardly surprising. The ratio Pr;/Pr is seen from
Eq. 40 to correspond to the ratio of the fraction of the heat-
flux density due to thermal conduction to the fraction of the
momentum-flux density (the shear stress) due to viscosity. As
a consequence of the physical validation of Pry, Eq. 39 with
ur/w replaced by 141~/ v')* ), namely

j —— ++ PrT dT+
—_— 1_ I + - .
jw[ WeH ](Pr) &y

(41)

is a viable alternative to Eq. 37. Based on their definitions,

1 @ -’
= + .

—_— 42
Pry Pr, Pr “42)

Since substitution for Pry in Eq. 41 from Eq. 42 results in
Eq. 37, they would appear to be wholly equivalent. However,
one or the other may actually be preferable for integration in
particular regimes of y*, a*, and Pr owing to the relative
invariance of Pr, and Pry. The diffusional mechanism of tur-
bulent transport, which has disappeared in Eqgs. 5-7, 24-25,
and 41, appears to have resurfaced in Eq. 37. In view of the
relationship between Egs. 37 and 41 mentioned earlier, this
is not a deficiency of the former: rather it may be interpreted
as providing some belated credit for the intuition of Bous-
sinesq in postulating Eq. 16. .
From Eq. 42, it may be inferred that Pry — Pr,/@/v)**
for Pr — = and finite values of (w'v)**, that Pry — PrAl—
@ v)** 1 for Pr — 0 and finite values of 1 —('v)* ™, and that
Pry = Pr, for Pr = Pr,, a condition that occurs experimentally

for Pr = 0.86.
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Predictive and correlative expression for Pr,

The primary role of Eqs. 37 and 41 is to provide predic-
tions, either analytical or numerical, for T*{y™*, a*, Pr} and
Nupfa*®, Pr). Since v)** and j/j, are predictable with
good accuracy by means of Eqs. 10 and 29 or 30, respectively,
the critical factor in the use of Egs. 37 and 41 is the accuracy
of the predictions for Pr, and Pr;. In view of Eq. 42, a pre-
diction of Pr, also provides a reasonably accurate one for Pry
and vice versa, except possibly in the limit of y* — 0 and
thereby (W'v)** - 0. Since values of Pr; or Pr, are the
weakest link in the application of Eqs. 37 and 41 or of any of
their classic predecessors, the determination of Pr, or Prp
from experimental data and DNS, and the reliability and
generality of correlations and predictive expressions will be
examined in some detail.

The turbulent Prandtl number has generally been postu-
lated explicitly or implicitly to be a function only of (/' v)**
or u,/u and Pr, and thereby independent of geometry and
the thermal boundary conditions. This postulate is of great
utility since it allows experimental measurements for parallel
plates, for which the variation of the heat flux density may be
avoided, and results from DNS, which are yet confined to
parallel plates, to be interpreted as directly applicable for
round tubes.

The experimental determination of Pr, from the combina-
tion of Eqs. 17 and 32 is subject to considerable inaccuracy
because of the necessity of determining j/j,, and of differen-
tiating the velocity and temperature measurements. The ac-
curacy of the determinations of u, and k, is particularly poor
near the center line owing to the approach of both 7/7,, and
du/dy and of both j/j,, and dT/dy to zero, and even poorer
near the wall owing to the substraction of the molecular con-
tributions to the momentum- and heat-flux densities from 7/7,,
and j/j,, respectively, to obtain small differences from rela-
tively large values. These inaccuracies are greatly increased
by taking the ratio of the so-determined values of u, and k,.
This process is perhaps best illustrated by the determinations
of Abbrecht and Churchill (1960), which, despite their age,
are among the most accurate values ever obtained by this
procedure. They measured the velocity and the temperature
at the same points within an air stream by hot-wire anemom-
etry, the heat-flux density at the wall with a calorimeter, and
determined j/j,, by means of measurements of the longitudi-
nal profile of the time-averaged temperature. They then dif-
ferentiated the velocities and temperatures graphically using
equal-area plots. Their independent measurements of u, and
k, are in excellent agreement with prior and subsequent de-
terminations and theoretically based asymptotes. Although
their resulting values of Pr, appear to be valid within the
turbulent core near the wall, they are highly scattered near

_ the center line and very near the wall, and indeed appear to

predict a completely erroneous trend at the wall (downward
instead of upward). One unique and lasting contribution of
these determinations, which were for a step increase in wall-
temperature, is the finding that Pr,, is independent of the
thermal development. The good agreement of these values of
Pr, with those determined by Page et al. (1952) for flow be-
tween parallel plates at different uniform temperatures (re-
sulting in j/j,, = 1) confirms their independence from geome-
try as well as from the thermal boundary condition, at least in
this instance.
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Although a number of sets of seemingly accurate experi-
mental measurements of '’ and 7' ¢/ in air flowing between
parallel plates have been carried out in recent years, u, and
k, have in each instance apparently been determined from
the equivalent of Eqgs. 17 and 31, respectively, rather than
more directly from Eqgs. 18 and 33. In any event these deter-
minations become highly inaccurate near the wall and near
the central plane. Equation 36, which is subject to the same
inaccuracies, does not appear to have been utilized directly.

The experimental determinations of u,, k,, and Pr,
mentioned earlier are all for air. The corresponding mea-
surements are much more difficult for liquid metals (low-
Prandtl-number fluids) for obvious reasons, and for viscous
liquids (high-Prandtl-number fluids) because the entire de-
velopment of the temperature field occurs very near the wall,
thereby requiring the use of low overall temperature differ-
ences to avoid significant variations in u with T.

Direct numerical simulations would appear to be a means
of avoiding the uncertainties in Pr, as determined experi-
mentally. However, the results to date are somewhat limited
and disappointing. First, all of these simulations, with one
exception have been for Pr=0.7, 0.72, or 1.0, and second,
with only a few exceptions, values have been presented
graphically for «’v’, T'v', W'V’ /T'V', p,, and for k,, but not for
Pr,. The latter omission is presumably because of the uncer-
tainty in that quantity. Lyons et al. (1991) did present a curve
representing values of Pr, that increased from about 0.75 at
the center plane to about unity at the wall. This curve, which
is for Pr =1 and parallel plates at different uniform tempera-
tures, wobbles somewhat, suggesting that even the values de-
termined by DNS may be of borderline precision for this pur-
pose. Kasagi et al. (1992) presented a curve that differs only
slightly from that of Lyons et al., despite a value of Pr=0.72
and equal uniform heating of both walls. The Lagrangian di-
rect numerical simulations of Papavassiliou and Hanratty
(1997) constitute the exception noted previously with respect
to values of Pr. Although they do not present specific values
for Pr,, their graphical results for k,/pc,, fall increasingly be-
low w,/p as Pr increases from 1 to 2,400 and y* decreases
below 5.

Many empirical and semitheoretical correlating equations
have been proposed for Pr,. None of them appear to be to-
tally reliable or general. Three of them may be cited as rep-
resentative. Experimental values of Pr, in the turbulent core
for Pr > 0.7 have been correlated by Jischa and Rieke (1979)
and others with expressions such as

0.015
Pr,=0.85+ . (43)
Pr

Over the purported range of validity of Eq. 43, Pr, varies
only from 0.87 to 0.85. An expression with a broader pur-
ported range of y* and a*, as wholly represented by u,/pu=
@V A1-@'v)* 1], is that of Notter and Sleicher (1972):

Pr,=
1+90Pr¥%( [.L,/lL)V4

T [0.025Pr( /) +90Pr¥*( ./, )V"]'
35+(}~L1/P~) / Mo/ K t/ M

44)
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Equation 44 is in reasonable accord with Eq. 43 and with the
computed values of Lyons et al. for Pr =1, but of course was
not designed to predict a sharp increase for large Pr and
small u,/p in accord with the recent computed values of Pa-
pavassiliou and Hanratty. Yahkot et al. (1987) derived the
following expression for the prediction of the total Prandtl
number by renormalization group theory:

1 0.65 1 0.35
1.1793— — 21793 - —
PrT PrT —
1 "‘——_T =1 ~(M’Ul) .
1793 — 1793 — —
1.1793 P 2.1793 7

(45)

Equation 45, which is asserted by the authors to be free of
any “experimentally adjustable parameters,” is attractive be-
cause of its simplicity and purported generality. However, the
comparisons by Yahkot et al. of values of 7% and Nup based
on Eq. 45 with experimental values do not constitute a criti-
cal test and the predicted values of Pr, for large Pr decrease
as y* > 0[and ' v)** — 0], as contrasted with the increase
computed by Papavassiliou and Hanratty.

It appears that a reliable and comprehensive expression
for the prediction of Pr, does not yet exist. Until one is estab-
lished, Eq. 45 is recommended, except for y* — 0 for Pr>1,
for which Eq. 44 is suggested. Yahkot et al. (1987) imply that
Eq. 34 is applicable for all thermal boundary conditions as
well as all flows. As noted earlier, Abbrecht and Churchill
(1960) provided support far in advance for that implication,
in that their experimentally determined values of Pr, were
found to be independent of axial distance, that is of the de-
gree of thermal development following a step in wall temper-
ature in fully developed flow in a round tube.

Implementation

In order to evaluate T*{y*, a*, Pr} and Nup{a™, Pr} us-
ing Eq. 41, it is convenient to substitute (1+ y)R for j/j,, per
Eq. 29, and then ~a*dR for dy*, thereby obtaining

_— Pr
-a+u+y)h-«wuf*](—l)RdR=dTﬂ (46)
Pr
which, upon formal integration, gives
T+=£f1 a+p[1-@n ] (2) are. @
2 Jp2 Y " Pr )

By definition

u+

(1o
T,,,—jOT (—+)dR2. (48)

U

Substituting for 7% from Eq. 47 and then integrating by parts
leads, by virtue of Eq. 28, to

+_a+ 1 2 —— PrT
n- o [las-@n () art. @
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Although Egs. 47 and 49 are applicable for fully developed
laminar flow and convection with (/'v)** set to zero and
Pry/Pr to unity, the additivity that was observed in Egs. 12
and 14 does not prevail for turbulent convection because y
depends on the velocity distribution. Since the definition of
T,; may be expanded as

(50)

. _[*¥T,-T,) a(r, p)”* _ 247
ajw M NuD ’
it follows from Eq. 49 that

— 441 ( P
NuD=8/f01(1+7)2[1—(u’v’) ](—;TT) drR*. (51)

If Eq. 37 had been used rather than Eq. 41 as the starting
point, the following alternative expression would have been
obtained:

(52)

) (1+y)*dR*
Nu, =8 —
‘o /fo (Pr) @)
I+l — | ——=
Pr, 1-W'v")

Equations 51 and 52 are more convenient as the starting point
for the derivation of analytical expressions for Nup, and pre-
sumably result in more accurate numerical integrations than
prior expressions in terms of u */u,;, and ( w,/u) Pr/Pr,) that
involve double or triple integrations. The closest previous ex-
pression is that of Lyon (1951), who derived the equivalent of

Eq. 52 with 1/R [® (u*/u}) dR® substituted for 1+ and
q ;

kr/k for the entite denominator.
For Pr — 0, Egs. 51 and 52 both reduce to

Nup{0} =8/ fo "A+y)? dR* = . (53)

1+7v)2,

which serves as exact lower bound for Nu,, for the turbulent
regime. Values corresponding to Eq. 53 have been computed
by a number of investigators in the past (for example, Kays
and Crawford, 1980, Table 13.1). Values of {1+ y)? and
Nup{Pr =0}, of presumably greater accuracy have recently
been computed by Heng et al. (1997) using Eqs. 10 and 29.

For Pr = Pr,= Pry, Eq. 51 may be integrated formally and
combined with Eq. 13 to obtain

Repf/2

—_— (54)
A+ 9)om

Nup(1}=

where (1+ y)2,, is the integrated-mean value weighted by 1
—@ V)t over R* from 0 to 1. Values of (1+)?,,, which
represents the deviation from the Reynolds analogy in a uni-
formly heated round tube, are also given by Heng et al. Their
results indicate small but significant deviations for all values
of Rep.
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Insofar as the variation of Pr, with y* may be neglected,
the following asymptotic and limiting solutions for Pr — o may
be derived from Eq. 52:

Nup{=} 007343(1 P\ (B 1/jR "
Ty = —_— —— —_ —
“p ' Pr) Pr, eD(z)

Pr 13 f 12

The details of the derivation of Eq. 55 are given by Churchill
(1996). Although this expression, with Pr, = 0.85, appears to
be in good agreement with experimental data for heat trans-
fer [see, for example, Churchill (1977)], the prediction by Pa-
pavassiliou and Hanratty (1997), by means of Lagrangian di-
rect numerical simulations, of a continual decrease in Pr, as
y* — 0 for large values of Pr raises some question as to the
postulate of an invariant value in the derivation of Eq. 55 and
thereby of its range of validity if any.

The several expressions for Nuj, that imply a value of y
from Eqgs. 29 or 30 are obviously limited to a uniformly heated
wall. The corresponding expressions for a uniform wall tem-
perature will not be derived herein since they relate only in-
directly to the primary subject matter of this article, namely
the models for the turbulent transport of energy. The differ-
ences in Nuj are negligible for Pr > 0.7, but are significant
for smaller Pr as indicated by the plot of computed values in
figure 13.5 of Kays and Crawford (1980).

As a final note before turning to other geometries, it sould
be emphasized that Eqgs. 47, 49, and 51 for T, T,;, and Nu,,
respectively, as well as Eq. 29 for v, Eq. 36 for Pr,, and Eq.
40 for Pr, are exact relationships in that they invoke no em-
piricism or heuristic postulates other than the existence of
fully developed flow and convection.

Other Geometries and Conditions

The simplifications and improvements described earlier for
the representation of fully developed momentum and energy
transfer in a uniformly heated round tube were achieved by
using @'v")** and y rather than u,/p and u/u,, as primary
variables. Comparable advantages appear to accrue from the
use of these new variables in other flows and for other ther-
mal boundary conditions. However, the extended applica-
tions must be devised case by case. In the examples that fol-
low, this process becomes progressively more difficult be-
cause of geometrical complexities.

Identical parallel plates

According to the analogy of MacLeod (1951), which ap-
pears to be confirmed within the uncertainty of the relevant
experimental data, W'o)** {y*,b*} is identical to
@'v)** {y*,a*}. Hence Eq. 10 is applicable for flow be-
tween parallel plates if a™ is replaced by b7, but j/j,, differs
as illustrated betow. Accordingly, the construction of the new
formulations for u,;,, T*, and Nu is quite straightforward.

First, integrating u*, as given by Eq. 11, but in terms of
Z=1-(y*/b*) rather than R=1—(y*/a™), over the planar
cross-section gives
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- bT“L [0‘ [1-G™"] az® =%3

+
Um

[1—[01 @ dZ3]
(56)

as compared to Eqs. 13 and 14. Values of «, computed from
Eq. 56 with (/' v)** from Eq. 10 were found by Churchill
and Chan (1994) to be represented almost exactly by the
semitheoretical expression

19
W) =3.3618—

P +2.5m{p"}. 57

The presence of a term in (a*)? in Eq. 15 and the absence
of one in (b7 )? in Eq. 57 indicates that the equivalent-diam-
eter concept is not valid with respect to the friction factor.
This conclusion may be inferred to apply to all geometries.

For equal uniform heating of the fluid from both plates, an
integral energy balance gives

j zfu”®
E—fo (-u—+)dZ

m

(58)

as compared to Eq. 28 for a round tube. Since 7/7,=1—
y*/b* = Z, it follows that

1 V4 ut
l+y== [ —]4az.
4 Z'l;)(u,’,',)d

Substituting «~ from Eq. 11 and u,, from Eq. 56 leads to

(59)

A s A e U

1+y
[01 [1-7v""] az?

(60)

Values of y computed using Eqs. 60 and 10 are represented
with sufficient accuracy for all practical purposes by

B 5(1— Z)(3-2Z)Z%-30Im{1—- Z}

Y= Z(41+30In{b" }) (61)

They range from zero at the wall to 0.186 at the central plane
for b* =150, and from zero to 0.065 for b* = 10°.

Equation 47 is applicable for the temperature distribution
between the plates with 4™ in place of a*, Z in place of R,
and y from Eq. 60 or 61 instead of from Eq. 29 or 30. How-
ever,

1 u*
T = f T+ | —| dz, (62)
m o u+

m

which leads to
b 2 ——++1( Prr 3
T,,,—Tfo 1+ y?1-Go) ](_PT) dz®  (63)
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and
1 2 —_—t+ PrT
NuD=12//0 1+v) [1—(u'u' )](—i—);—)dzl‘. (64)

For Pr— 0, for which [1—@v)** |Pr,/Pr—1, Eq. 64 re-
duces to

12
Nup{0} - ¢ (65)

1+v3),’

where here (1 +7v)? is the integrated-mean value of (1+ y)?
with respect to Z3. For Pr= Pr; = Pr,, Eq. 64 reduces to

Ref/2
A+ y)om
(66)

Nup(1) =12/ [ (14D [1-@o) | dz =

where here (1+y)2,, is the integrated-mean value with re-
spect to Z3, weighted by 1~(’v")**. This quantity is seen to
constitute a different correction for the Reynolds analogy.
Equation 55 is applicable without modification for Pr — .

For parallel plates with different uniform temperatures, the
heat-flux density is invariant along the wall and across the
channel, that is, j/j,, = 1. This special condition has often been
utilized experimentally in the laboratory and in direct numer-
ical simulations because of its structural simplicity. For this
process

T+=b+foy[1—(W)++] (%’1) dy (67)
1 471 ( Pry
T;=b+[0 [1-@o) ](—Pr—)dy (68)
and
2b+ 1
Nu,, (69)

[ [1-6) ]( = | av
The Nusselt number Nu,, represents the rate of heat trans-
fer from one wall to the other and hence is based on the total
temperature difference 2T and the distance 2b™ between
the plates. In the limit of Pr— 0, Nu,, simply reduces to
unity, but for Pr= Pry = Pr,,

1
Nqu{1}= p— ++] . (70)

j: [1_(W)++]dy= [1—(u’v’)

Values of Nu,,{1}, as computed from Eq. 70, greatly exceed
unity. For Pr—, Eq. 55 is applicable in terms of half the
temperature difference, and is of course independent of the
characteristic dimension.

A general solution and limiting forms may also readily be
derived for uniform heating on only one wall.
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Planar Couette flow
/) ++

Relatively simple formulations in terms of ' v')** and Pr;
are possible for the turbulent regime of the somewhat ideal-
ized flow generated by one plate moving parailel to a fixed
plate. A correlating equation for (u'v")** analogous to Eq.
10 may readily be constructed on the basis of antisymmetry
and the universal behavior near walis. The attractive feature
of this flow with respect to analysis is that the shear stress is
uniform across the channel. It follows that

+=b+foy[1~(ﬁ)”]dy for 0<Y<1 (71)

and

%:y fol[l—(u“'a")”] day. (72

The velocity distribution for 1 <Y <2 follows from antisym-
metry.

For different uniform temperatures on the two walls, j/j,,
=1 and Egs. 67-69, as well as the special cases of Eq. 69 for
Pr—0, Pr=Prr=Pr, and Pr—o, are directly applicable
although, of course, (W' v)**{y*, b*} is different. Simple so-
lutions are also feasible for some other thermal boundary
conditions, for example, for uniform equal heating, although
in this instance an expression must be derived for the varia-
tion of j/j, with Y.

Flow through a circular annulus

This geometry is of great importance because of the
widespread use of double-pipe heat exchanges in which the
outer passage consists of a concentric circular annulus heated
more or less uniformly on the inner surface and effectively
insulated on the outer surface. The time-averaged differen-
tial force-momentum balance for this flow may be written in
terms of the new variable ('0)** as follows:

- [1 @] =2 — (73)

where here, 7,,, the shear stress on the inner wall may be
implied to be utilized in defining u* and r*. Equation 73 has
the same form as Eq. 9, but three complications arise in its
integration to determine «™ and u,. First, the behavior de-
pends upon the aspect ratio a,/a,, where a, and a, are the
radii of the inner and outer surfaces, respectively. Second,
the shear stress distribution within the fluid is given by the
nonlinear relationship
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where R, = r/a, and a, is the radius at which the shear stress
goes to zero. Third, the value of g, in turbulent flow differs
from that in laminar flow and from a_,,, the value of the
maximum in the velocity distribution and is unknown a priori.

Despite these difficulties, formal and potentially useful ex-
pressions for a*, u}, T*, and Nuy in terms of ('v")** and
Pry or Pr, may be constructed as follows. Integrating Eq. 73
from u*=0at R, =1 gives

+_ o+ (R T Rt
u ~alj; (_Twl')[l @) |, ar,. (75
For an annulus

unm T fl“"/"l’: u* dR?. (76)
BR
a

Substituting 1™ from Eq.75 in Eq. 76 and integrating by parts

then gives

dR,. (77)

2
a
x[(i) - R}
a,

Equations 76 and 77, as well as Eq. 74, which provides the
dependence of T on R, are exact, but empirical correlating
equations are required for v)** and a,.

Rehme (1974) correlated his own experimental data for a,
as well as that of others at Rep, = 2(a, — a,)u,, p/p = 10° with
the empirical equation

a, —a, _ (_‘1_1)0'386 18)

a,—a a,

The accuracy of Eq. 78, particularly for other values of Rej
is uncertain.

A generalized correlating equation for (&'v")**, such as Eq.
10 for round tubes, has not yet been developed for annuli but
appears to be feasible. Using a x-e-' v’ model, Hanjali¢ and
Launder (1972b) have predicted values of «'v” and a, for the
single condition of Rej, = 2.4 X 10° and a, /a, = 0.088 that are
in good agreement with experimental data. This is a possible
alternative to the use of a correlating equation for G/ v')**,
but involves a significant amount of computing.

Further detail concerning the relationships for turbulent
flow in an annulus, including expressions for the friction fac-
tors of the two surfaces as well as for the overall one may be
found in Churchill and Chan (1995b).

The time-averaged differential energy balance for an annu-
lus with an imposed uniform heat flux density j,,; on the in-
ner surface and an outer insulated surface may be expressed
as follows:
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'El;[l—(ﬁ)++](fz)=dT+, (79)

T Pr ar*
with
. | .
. @) —_ ) gr2.  (80)
R} m

Substituting « * in Eq. 80 from Eq. 75 and integrating by

parts leads to the following expression in terms of ('v')**:

: 2
a,
a

J ay R T —_—
== - — | 1=-G dR
Ju1 Um By (az 1 ‘/; ( Twi ) [ o ] !

(7::) [1-G) "] ar,. @D

Integration of Eq. 79 from the inner heated surface at R, =1,
where T7 =0, gives

T+=“'+f1Rl(7iT)[1_(W)H](£1;I)dR" (82)

which may be substituted in

1 (ay/a))? s u” 2

T

to yield after integration by parts and by virtue of Eq. 80,

2a” of ? —— +1 [ Prr
. tave* | IV [ o (——)dRZ. 4
™3 fl Jwi [1-6™] P | 2R B

It follows that
2af [ a,

= . (8%
Pry

. 2
flmya.):(jL) [1—(u—'t7)++] (F)de
wl

The introduction of (1+ y)X+/7,,) for (j/,,) in Eqgs. 82, 84,
and 85 is not particularly helpful in view of the complexity of
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the relationship given by Eq. 74. Equations 79-85 are all ex-
act, although of course empiricism is introduced in numerical
evaluations by the correlating equations for W'0)*”, ag/a,,
and Pr; or Pr,. The complexity of the expressions for T,
T}, and Nuj, relative to their counterparts for a round tube
arises wholly from the expressions for 7,,/7,,; and j/j,, ;. These
expressions constitute an improvement on all prior ones, most
of which incorporate implicit idealizations such as 7/7,, =1,

j/jwl = 1’ and ay= (aO)laminar'

Unconfined flow along a flat plate

The development of exact integral expressions for momen-
tum and heat transfer in turbulent flow along a flat plate is
straightforward, but their implementation to obtain numeri-
cal values is much more difficult than for confined flows. The
time-averaged differential force-momentum balance itself may
be written as

du
dy

4
+

(86)

Tl [1-6) "] =

and integrated formally from u* =0 at y* =0 (on the sur-
face) to obtain

u+=]y_(-:—) [1—(u—'l7)++] dy*. 87

0

Specializing Eq. 87 for y — « gives

vz x T _++
B ec et

w

which, since 7 =0 for y* > 8%, where § is the nominal thick-
ness of the boundary layer, may be written more explicitly as

— = u -
Gy

The ill-defined quantity 6 appears to be avoided in Eq. 88,
but is implicit in 7/7,,, which is not known a priori. The sec-
ond integration required to determine u, = (2/f)¥? for con-
fined flow in a channel is avoided for unconfined flow over a
flat plate, but at the expense of the unknown 8* or its equiv-
alent in the limiting behavior of 7/7,,.

Churchill (1994) represented values of 7/, as determined
from experimental measurements and direct numerical simu-

(Lo

lations of ¥'v’ and u, with the purely empirical expression

Tw

T +
— =cos? { Z—;;} (90)

and thereby proposed a correlating equation for (/v")* that

may be adapted for (&'v)** as follows:
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The predictions of Eq. 91 become unbounded as y* — 87,
owing to the functional failure of Eq. 90 in that limit. The
magnitude of this discrepancy increases as 8% decreases. As
a practical recourse, (' v')* and (' v')** may simply be taken
to be zero in that regime.

Churchill (1993) used the following correlating equation for
the velocity distribution in the turbulent core 30 < y* < &%)

7T+

y
268*

ut=50+2.439 ln{y+}+2.355in2{ } 92)

to derive, by means of an integral balance for momentum

&)

(Cr/2) Re,
=4.216+2.4391n 7 .
1-11.264(C,/2)"* +43.05(C,/2)
(93)
Setting y* = 8% in Eq. 92 gives
2\
(— =7.35+2.439In{6%}. (94)
Cy

The value of (2/C;)¥* may be determined for any specified
value of Re, by iterative solution of Eq. 93, and then the
value of 8% from Eq. 94. In view of Eqs. 92 and 93, the need
for Egs. 87 and 88 might be questioned, particularly with §*
taken from Eqs. 93 and 94. However, Eq. 87 predicts the
velocity distribution below the limit of y* > 30 of Eq. 92, and
perhaps more accurately for all values, while Eq. 88 provides
a more direct basis of comparison for heat transfer and for
other geometries.

The k-€ and k-e/'v’ models are valid alternatives for the
prediction of V', u*, ul =(2/Cf)1/2, 8*, and 7/r, for un-
confined flow over a flat plate, but the added differential bal-
ances invoke considerable empiricism.

Equation 41 is directly applicable for heat transfer from a
flat plate in unconfined flow, and integration gives the fol-
lowing exact expression for the temperature distribution:

T+=£y+(é)[l—(W)++](f;—rr)dyﬂ 95)

Specialization of Eq. 95 for y*™ — < results in
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. _Re(C/DV L e (PreY L
e [ e ) (5

(96)

which, since j=0 for y* > 8¢, where & is the thickness of
the thermal boundary layer, may be expressed in the more
explicit form

Re (C,/2)"*
Nu, = a4 . O

[z (5 e

The dimensionless thermal boundary layer thickness and
heat-flux density distribution j/, in Eq. 91 are unknown a
priori. For Pr —»w, 8¢ <« 8*; for Pr— 0, 8f > &%, for Pr, =
Pr, 8; = 8*. Reichardt (1951) deduced that j/j, = 1/r,,, while
J/j. =1 has been postulated in the derivation of a number of
approximate solutions for Nu,. It may be noted that, in con-
strast to confined flow, postulating Pr; = Pr, 87 = 6% and
/i =7/, reduces Eq. 97 to the Reynolds analogy:

Nu,{1}= Re,(C,/2). (98)

In order to permit the general implementation of Eq. 97,
generalized correlating equations are required for j/j,, and .
8¢ as well as for W' v)**, 7/7,, and 8". Accurate measure-
ments or direct numerical simulations of 7 and T'v’ or the
equivalent over a wide range of values of Re, and Pr are
needed to support the construction of such expressions. An
alternative and interim approach is to use a k-eu'v'-T' V'
model, but this procedure is at the expense of considerable
empiricism and computing.

Flow in two-dimensional channels
The turbulent-shear-stress, eddy-viscosity, mixing-length,

x-€, and «-e-u'v’ models all fail for two-dimensional channels
because of the ever-present secondary motion.

Summary and Conclusions

1. The representation of the time-averaged differential
force-momentum balance in terms of the fraction of the local

shear stress due to turbulence, (/' v')** = — /v’ /7, and the
o

total shear stress ratio, 7/7,, leads to exact integral expres-
sions for the velocity distribution and the friction factor or
drag coefficient in all one-dimensional, fully developed, tur-
bulent flows. These expressions are simpler and potentially
more accurate for numerical evaluations than those based on
other models or in terms of other variables.

2. Churchill and Chan (1995b) proposed the representa-
tion of turbulent flows in terms of (W'v")* = — pu'v’ /r,,, which
they showed to be decisively superior to the eddy viscosity
and the mixing length in all respects. The further improve-
ment provided by the modified model described herein arises
from its purely local character, and manifests itself most
clearly in terms of algebraic simplifications.

AIChE Journal



3. One of the findings of the current investigation is that
the eddy viscosity and the mixing length are completely inde-
pendent of their mechanistic origin. For example, u,/u=
W) A1-@ V)" "), and thereby may be interpreted as
simply a symbol for the ratio of the shear stress due to turbu-
lence to that due to viscosity. The frequent dismissal of the
eddy viscosity and the mixing-length as “less theoretical” than
other time-averaged characteristics of turbulent flow is unjus-
tified. On the other hand, they are inferior in applications in
every sense to W'0)** as well as to (v)*. In particular, the
mixing length is unbounded at the center line of a round tube
and the central plane between parallel plates, while both the
mixing length and the eddy viscosity are unbounded at one
location within the fluid and negative over an adjacent range
in all flows, including annuli, in which the shear stress is not
equal at opposing points on the walls. Also, correlating equa-
tions for the eddy viscosity and the mixing length are more
complex, as are expressions for their implementation.

4. The joint failures of the eddy-viscosity and mixing-length
models for some flows carry over to the x-¢ model since it
functions by predicting one of the other of these quantities.
This failure does not carry over to the k-e-u'v’ models, but
they introduce considerable empiricism and are valid only for
the turbulent core.

5. The new integral formulations require a theoretical ex-
pression or a correlating equation for the shear stress ratio
7/7,, and a correlating equation for the dimensionless shear
stress ('v")**. Exact expressions are known for the shear-
stress ratio for flow in round tubes, between parallel plates,
in planar Couette flow, and in annuli, although that for the
latter incorporates a quantity that is not known a priori. An
exact expression for the shear stress distribution in uncon-
fined flow along a flat plate is not known, but an empirical
correlating equation has been devised. Correlating equations
for (/v)** with a theoretical structure, but with empirical
coefficients and exponents, have been developed for all of
the geometries just mentioned except for an annulus, and one
appears feasible for that case.

6. The time-averaged differential energy balance for fully
developed convection in one-dimensional fully developed tur-
bulent flow may be expressed exactly in terms of the fraction
of the local heat-flux density due to turbulence, namely
(T"0)** = pc,T'v' /j, and the heat flux density ratio j/j,. For
uniform heating on the wall or walls of a channel j/j,, may in
turn be expressed in terms of exact integrals of (u'v')* ™, but
for unconfined flow such a relationship must be determined
indirectly.

7. The most surprising finding of this investigation is that

_ 4+

1-(T"v")
T F
(T'v)

—_— ++
Pr, W'v")

V@

and thereby that

——
Pr. 1-(T'V)

Pro—@o

The turbulent Prandtl number and the total Prandtl number
have generally been disparaged as empirical artifacts of the
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eddy diffusional model. However, it is apparent that Pr,/Pr
may be interpreted as the ratio of shear stress due to turbu-
lence to that due to viscosity, divided by the corresponding
ratio for the heat-flux density, while Pr;/Pr may be inter-
preted simply as the ratio of the fraction of the heat-flux den-
sity due to thermal conduction to the fraction of the shear
stress due to the viscosity. Both quantities are obviously inde-
pendent of their heuristic diffusional origin.

8. It follows from the preceding interpretation of Pr; that
(Prp/Pr) [1~GV)* * ] may be substituted for 1—(T"v)** in
the differential energy balance, and hence that a correlation
for Pr; may be utilized rather than developing one for
(‘ﬁ)+ +

9. The experimental measurements of Abbrecht and
Churchill (1960) for a round tube appear to confirm the com-
mon speculation that Pr, (and therefore Pr;) is independent
of the thermal boundary condition and hence depends only
on the field of flow and the Prandtl number.

10. The integral expressions presented herein for u*, T,
fy Cs, Nup, and Nu, are exact and may be expected to yield
results of improved accuracy because of their simplicity and
the relative reliability of the expressions for the parameters
therein. The principal uncertainty in the prediction of heat
transfer is associated with that of the correlations for Pr, and
Pr.

11. Although the eddy viscosity, the eddy conductivity, and
the mixing length appear to be supplanted by the new models
described herein, they have served a useful role over much of
the past century. Furthermore, their intuitive derivation has
even been substantiated in part.

12. Finally, it is remarkable that such complex processes as
turbulent flow and heat transfer can be described with such
simplicity, generality, and relative accuracy as that provided
by the integrals herein of (/v")**.
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Notation

a =radius of tube
a* =alr, p)V/p
A =empirical coefficient
b =half-spacing between plates
b* =blr, P/
C; =drag coefficient = 27, /pu’
¢, =specific heat capacity at constant pressure
=diameter of tube or hydraulic diameter of parallel-plate
channel or annulus
e =roughness
f =Fanning friction factor = 27, /pu2,
j =heat-flux density
Jj. =heat-flux density at wall
Jjw1 =heat-flux density of inner wall of annulus
k =molecular conductivity
k, =eddy conductivity
k7 =total conductivity = k + &,
| = mixing length
I* =Ur, p)V/p
Nuj, =Nusselt number = j,, D/k(T,, - T,,)
Nu, =Nusselt number for flat plate = j, x/k(T,, + T.,)
r =radial coordinate
P =rtr, o
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R=r/a
Re,, =Reynolds number of channel = Du,, p/n
Re, =Reynolds number for flat plate = xu.. p/p
T =time-averaged temperature
T’ =fluctuation in temperature
T, =temperature at central plane
T,, = mixed-mean temperature
T,, =wall temperature
T. =free-stream temperature
T, =temperature at wall 1
T, =temperature at wall 2
u =time-averaged velocity in x-direction
u* =ulpfr, )V
' =fluctuation in velocity
u,, =mixed-mean velocity
Uy =t p/r, ) =2/
u.. =free stream velocity
" =fluctuation in velocity in y-direction
x =coordinate in axial direction
y =coordinate normal to wall
y? =y(r, P/
Y =y/a
a =arbitrary exponent in Eq. 2
&g =thermal boundary layer thickness
8% =8(z, p) /1
v =0l /)~ 1
w =dynamic molecular viscosity
p = specific density
¢{z} =function of z
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